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Abstract. Complex- valued harmonic functions that are univalent and sense-preserving 
in the open unit disk are widely studied. A new methodology is employed to construct 
subclasses of univalent harmonic mappings from a given subfamily of univalent analytic 
functions. The notion of harmonic Alexander integral operator is introduced. Also, the 
radius of convexity for certain families of harmonic functions is determined. 



1. INTRODUCTION 

Let H denote the class of all complex-valued harmonic functions / in the unit disk 
D = {2; G C : < 1} normalized by /(O) = = /^(O) — 1 = /^(O). Such functions can 
be written in the form f = h + g, where 

00 00 
(1.1) h{z) = z + J2(^nZ'' and c/(z) = ^6„z" 

n=2 n=2 

are analytic in D. In 1984, Clunie and Sheil-Small [6] investigated the subclass 5^ of 
T-t consisting of univalent and sense-preserving functions, that is, for a function / = 
h + gE Sfj, f is one-to-one in D and the Jacobian Jf{z) = \h' (z)]"^ — \g' (z)]"^ is positive or 
equivalently < in D. The class is a compact family with respect to the 

topology of locally uniform convergence. The classical family S of normalized analytic 
univalent functions is a subclass of 5^. Let S^, KP^ and be the subclasses of 
mapping D onto starlike, convex and close-to-convex domains, respectively, just as 5*, /C 
and C are the subclasses of S mapping D onto their respective domains. 

In [in] the authors investigated the properties of functions in the subclass J-"^ C 
defined by the condition 1/2(2;) — 1| < 1 — \ fz{z)\ for all 2; G D. This subclass was 
closely related to the class d C introduced by MacGregor [16] consisting of analytic 
functions which satisfy \f'{z) — 1| < 1 for 2; G ©. The authors proved that a harmonic 
function f = h + g E if and only if the analytic functions h + eg belong to J-" for each 
|e| = 1. Using this property, authors established the coefficient estimates, growth results, 
boundary behavior, convolution properties and sharp bound for radius of convexity and 
starlikeness for the class T^. This connection between the classes J-" and J-"]^ has motivated 
to give the following definition which turns out to be a simple but an effective method in 
construction of subclasses of univalent harmonic mappings from a given subfamily of S. 
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Definition 1.1. Suppose that ^ is a subfamily of S. Denote by the class consisting of 
harmonic functions f = h + g for which h + eg & Q for each |e| = 1, h and g being analytic 
functions in 3. We call Q'^ the harmonic analogue of Q and write Q > Q^. 

By Definition II. H it readily follows that J-" > J^^. If is the harmonic analogue of 
Q (Z S then it is easy to see that Q C Q^. Further properties of the harmonic analogue 
for a subfamily Q (Z S are investigated in Section [21 In Section [31 the harmonic analogues 
of some well-known subclasses of S are determined and their respective properties are 
discussed. 

Let A be the subclass of "H consisting of normalized analytic functions. Let A : A ^ A 
be the Alexander integral operator ^ defined by 

(1.2) k[m = jy^dt. 

A well-known classical result implies that A does not carry S into S (see [121 Chapter 
14]). In the last section of this paper, the notion of a harmonic Alexander operator 
Kh : "H — > "H is introduced and its properties are investigated. The radius of convexity 
for certain families of harmonic functions is also determined. 

2. Harmonic Analogue Q% 

In this section, we will investigate the properties of the harmonic analogue for a 
subfamily Q d S. For this, it will be necessary to discuss the notion of stable harmonic 
mappings introduced by Hernandez and Martin in [13]. A sense-preserving harmonic 
mapping f = h + g is said to be stable univalent (resp. stable starlike, stable convex and 
stable close-to-convex) if all the mappings fx = h + Xg with |A| = 1 are univalent (resp. 
starlike, convex and close-to-convex) in 3. The following result was proved in [T3] . 

Lemma 2.1. A sense-preserving harmonic mapping f = h + g is stable univalent (resp. 
stable starlike, stable convex and stable close-to- convex) if and only if the analytic func- 
tions Fx = h + Xg are univalent (resp. starlike, convex and close-to-convex) in D for each 
\X\ = 1. 

Let SS^fj, SS*^, SKPjj and SC^^j be subclasses of consisting of stable univalent, 
stable starlike, stable convex and stable close-to-convex mappings respectively. Then 
S* C SS*^ C S*H°, )C C SJC^H C }C% and C C 5C?^ C C^. Moreover SJC^^ C SS*^ C 
SCff C SS%. In view of Definition 11.11 and Lemma [2?T1 it is easy to deduce that iSiS^, 
SSff, SlC\j and SC^^ are harmonic analogues of S, S*, IC and C respectively 

The first theorem is quite simple but a useful tool in the investigation of results regard- 
ing the harmonic analogue for a subfamily Q G S. 

Theorem 2.2. Suppose that Q d S and Q > Q^. Then 

it) g% C SS'^; 

[ii) IffeS^g%, then f eg; 

{Hi) If f = h + g e g^, then the harmonic mappings fx = h + Xge for each \X\ = 1; 

(iv) If J ag, then Jfj C where Jfj is the harmonic analogue of J . 

Proof. Let f = h + g e g^. Then h + eg G g for each |e| = 1 which imply that 
h{0) = g{0) = h'{0) — 1 = g'{0) using the normalization of g. By Lemma [2.11 it follows 
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that / G SS^fj^ since h + eg is univalent for each |e| = 1. This proves (z). The part (ii) 
follows immediately from Definition 11.11 Regarding the proof of {Hi), if f = h + g E 
and |A| = 1, then it is easy to see that h + Xeg G Q for each |e| = 1 so that h + \g E Qj^. 
To prove (iv), let f = h + g e J^. As J t> J^, h + eg e J for each |e| = 1. But J C ^ 
so that h + eg E Q for each |e| = 1 which shows that / G Q'^. This completes the proof 
of the theorem. □ 

Theorem 12. 2( m) conveys that every analytic univalent function in is a member of Q. 
Since the members of are stable univalent by Theorem I2.2( i). we have the following 
corollary which follows by [T3l Theorem 4, p. 17]. 

Corollary 2.3. Suppose that Q G S and Q > Q^^. If f = h + g E Q^, then the analytic 
mappings = h + fig are univalent in D for each < 1. In particular, h is univalent. 

Recall that convexity and starlikeness are hereditary properties for conformal mappings 
which do not extend to harmonic mappings (see [9]). Chuaqui, Duren and Osgood [5] 
introduced the notion of fully starlike and fully convex functions that do inherit the 
properties of starlikeness and convexity respectively (see also [20]). A harmonic mapping 
/ of the unit disk 3 is fully convex if it maps every circle = r < 1 in a one-to-one 
manner onto a convex curve. Such a harmonic mapping / with /(O) = is fully starlike 
if it maps every circle = r < 1 in a one-to-one manner onto a curve that bounds a 
domain starlike with respect to the origin. Applying Theorem \2.2i iv) and using the fact 
that stable starlike (resp. stable convex) mappings are fully starlike (resp. fully convex) 
(see [laiMI), we have 

Corollary 2.4. Suppose that Q C S andQ>Q^. If Q C S* (resp. Q C K,), then members 
of are fully starlike (resp. fully convex) in D. 

It is easy to see that if X and JT" are subclasses of S with X > X^ and JT" > JT^, then 
Xnj7'>X^nj7^ and XU j7'>Xff UiTh". The next theorem determines the coefficient bounds 
for functions in the harmonic analogue Q^j. 

Theorem 2.5. Suppose that Q d S and Q > Q^^. Let the Taylor coefficients an{f) of the 
series of each f E Q satisfies |a„(/)| < p{n) for n = 2,3, . . . where p is a function of n. 
Then 

(a) The respective Taylor coefficients An{f) and Bn{f) of the series of h and g of each 
function f = h + g E Q% satisfies 

\\A^{f)\-\BM)\\<p{n), n = 2,3,.... 

(6) Let ho E Q be such that its Taylor coefficients satisfy |a„(/io)| = p{n) for n = 
2,3,.... Then for an analytic function go, the harmonic function fo = ho+go E Q% 
if and only if g^ — Q. 

Proof. Let f = h + g E Q^^j. Then h + eg E Q ioi each |e| = 1 so that |a„(/i + ^g)\ < piji) 
for n = 2,3, . . .. But an{h + eg) = An{f) + eBn{f) for n = 2,3, . . ., which proves (a). 

Regarding (6), suppose that fQ = ho + goE By the proof of part (a) it is easy to 
deduce that 

\AnUo)\ + \BnUo)\<p{n) for n = 2,3,.... 

But |A„(/o)| = |a„(/io)| = p{n) for = 2, 3, . . . so that Bn{fo) = for n = 2, 3, . . .. Thus 
go = 0. The converse part is obvious. □ 
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The next theorem determines the upper and lower bounds on the growth of a harmonic 
mapping in Q'^. 

Theorem 2.6. Suppose that Q d S and Q > Q^^. If 

P{\z\)<\f\z)\<Q{\z\), zG© 
for each f G Q where P and Q are integrable functions of \z\, then each f G satisfies 

r P{p)dp<\f{z)\< rQ{p)dp, zeB. 
Jo Jo 

In particular, the range of every function f G contains the disk 



'u; G C : |w| < hm / -P(p) dp 
provided the limit exists. 

Proof. Let f = h + g & Q%. Then h + tg E Q for each |e| = 1 so that 

P{\z\)<\h'{z)+eg'{z)\<Q{\z\), z G D. 
In particular, this shows that 

P{\z\)<\h'{z)\-\g'{z)\ and \h' {z)\ + \g' {z)\ < Q{\z\) , ze 
If r is the radial segment from to 2, then 



\f{z)\ 



9f df 



< / (|A'(C)I + |j'(C)l)MCI < l'"Q{p)dp. 



Next, let r be the pre- image under / of the radial segment from to f{z). Then 
1/(^)1 = 



> /(|/^'(C)|-|^7'(C)I)MCI> I^^^P{p)dp. □ 



df df 

Theorem 2.7. Suppose that Q <Z S and Q > Q^^. Then Q is compact if and only if Q% is 
compact. 

Proof. For necessary part, suppose that fn = hn + g^ ^ Gh ^^r n = 1,2,... and that 
fn ^ f uniformly on compact subsets of D. Then / is harmonic and so f = h + g. It 
is easy to see that hn h and gn — g locally uniformly so that hn + egn h + eg for 
each |e| = 1. Since /i„ + egn G ^ it follows that h + eg E Q for each |e| = 1 using the 
compactness of Q. Thus f = h + g E Q^. 

For sufficient part, let /„ G ^ for n = 1, 2, . . . such that fn^f uniformly on compact 
subsets of D. Then / is univalent. Since Q C Q^^ and is compact, / G Q%. By 
Theorem 12. 2 ( m). f eQ. This completes the proof. □ 

The next theorem investigates the relation between the radius of starlikeness, convexity 
and close-to-convexity of the classes Q and Q^^. 

Theorem 2.8. Suppose that Q d S and Q >Qh- Then the classes Q and have the 
same radius of starlikeness, convexity and close-to-convexity. 
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Proof. Since Q C Q'^ it suffices to show that if tq is the radius of starhkeness (resp. 
convexity and close-to-convexity) of Q then / is starhke (resp. convex and close-to- 
convex) in 1 2; I < tq for each / G Q^. To see this, suppose that f = h + g E Q^. Then the 
analytic functions h + eg belong to the class Q. Consequently the functions h + eg are 
starlike (resp. convex and close-to-convex) in 1^1 < tq. In view of Lemma \2.1\ it follows 
that / is starlike (resp. convex and close-to-convex) in \z\ < rg. □ 

For analytic functions 

00 00 
(2.1) f{z) = z + J2(^nz'' and F{z) = z + J2^nZ'' 

n=2 n=2 

belonging to A, their convolution (or Hadamard product) is defined as 

00 

(/*F)(z) = 2 + ^a„A„z", zeD. 



n=2 



In the harmonic case, with f = h + g and F = H -\- G belonging to Ti, their harmonic 
convolution is defined as 



f * F = h* H + g*G. 

Harmonic convolutions was investigated in [6l [71 El [TOl [25] . 

Suppose that X and J' are subclasses of H. We say that a class X is closed under 
convolution if X * X C X, that is, if /, (7 G X then f * g E X. Similarly, the class X is 
closed under convolution with members oi J iiX * J dX. The next theorem discusses 
the convolution properties of the class 

Theorem 2.9. Suppose that Q d S is dosed under convolution and Q >Qh- Then 

(i) The convolution of each member of Q% with itself is again a member ofQ^; 
(a) If if + g)/2 E Q for all f , g E Q , then is closed under convolution. 

Proof. Let f = h + g E Q%. To prove (i), it suffices to show that {h* h) + e{g * g) E Q for 
each |e| = 1. For |e| = 1, note that 

{h* h) + e{g * g) = {h + ivg) * {h — iug) 

where ±z/ are square roots of e. Since Q is closed under convolution, it follows that 
{h * h) + e{g * g) E Q so that f * f E Q'^. This proves (i). 

Regarding the proof of (ii), let fi = hi + giE {i = 1,2). Considering the analytic 
functions 

Fi = {hi - gi) * (/i2 - eg2) 
F2 = {hi + gi) * {h2 + eg2) 



for lei = 1, we see that 



^{Fi + F2) = {hi * h2) + e{gi * ^2)- 



Since Fi, F2 E Q and using the hypothesis, it is easy to deduce that fi* f2 E Q^- ^ 
Theorem 12.91 immediately gives 
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Corollary 2.10. Suppose that Q G S is a convex set and is closed under convolution. If 
Q > Q^^, then is closed under convolution. 



In [To], Goodloe considered the Hadamard product * of a harmonic function with an 
analytic function defined as follows: 

fiip = ipif = h* if + g * ^, 

where f = h + g is harmonic and if is analytic in D. The next theorem investigates the 
properties of the product *. 

Theorem 2.11. Suppose that Q G S and Q >Qh- O be a subfamily of A such that 
Q is closed under convolution with members of O. Then ipif G for all ip G O and 

Proof Let / = + ^ G and G C. Then 

ip*f = (fi * h + (f * g = H + G, 

where H = ip * h and G = if * g are analytic in D. Setting F = H + eG = ip*{h + eg) 
where |e| = 1, we note that F G Q since Q * O G Q . Thus H + G G as desired. □ 

The next theorem indicates that the classes Q and have similar convex combination 
properties. 

Theorem 2.12. Suppose that Q G S and Q > Q^^. Then Q is closed under convex combi- 
nations if and only if is closed under convex combinations. 

Proof. Firstly we will prove the necessary part. For n = 1,2,..., suppose that /„ G 
where fn = hn + gn- For S^i^n = 1, < t„ < 1, the convex combination of /„'s may 
be written as 



f{z)=J2tnfn{z) = h{z)+g{z), 



n=l 



where 



= ^tnhniz) and g{z) = y^Jngnjz). 

n=l n=l 

are analytic in D with h{0) = g{0) = h'{0) — 1 = g'{0) = 0. For |e| = 1, we have 



{h + eg){z) = '^tn{hn + egn){z), zG 



n=l 



Since the class Q is closed under convex combination and /i„ + egn G Q for n = 1,2,..., it 
follows that h + eg G Q . Thus f = h + g G This proves the necessary part. 

The sufficient part follows by using the fact that Q G Q% and applying Theorem 
Qm). □ 

Theorem 12.121 immediately yields 

Corollary 2.13. Suppose that Q G S and Q > Q^. Then Q is a convex set if and only if 
Q% is a convex set. 
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Remark 2.14. The harmonic Koebe function 

(2.2) ir(z) = if(.) + GM, g(^):= , ^^^)^=7r^ 

shows that the classes 5^, and are not harmonic analogues of any subfamily of S 
since 

1 3 

and {H + G){i/\^) = {H + G){-i/y/3) which imply that + G is not univalent in D. 
Similarly, /C^ is not a harmonic analogue of any subfamily Q G S. For if ^ > /C^f then 
Q d K. The harmonic half-plane mapping 

^ 2^ 2 



(2.3) L(z)=M(z)+iV(z), M(^):=^^-^, N{z) . _ 

belongs to /C^ and M{z) - N{z) = z/{l - zf ^ K. 

Remark [2.141 suggests that given a subfamily C 5^, it is possible that is not a 
harmonic analogue of any subclass of S. This motivates us to determine a necessary and 
sufficient condition for a subfamily Q^^ C to be a harmonic analogue of some family 
Q d S. This is contained in the following theorem. 

Theorem 2.15. A subfamily Q'^ C 5^ is a harmonic analogue of some family Q d S if 
and only if C SS^^ . 

Proof. The necessary part follows by Theorem l2.2( i). For the sufficient part, suppose that 
Q^^ C SS^^. Consider the set 

g = {h + eg -.h + g eGh sjid\e\ = 1}. 

Using Lemma [2. H it is easily seen that Q d S and Q > Q^. □ 

Keeping in mind that S > SS^jj, S* > SS*^, K, > SKP^j and C > SC^^^ we determine the 
coefficient estimates, growth results, convolution properties and sharp bound for radius of 
starlikeness, convexity and close-to-convexity for the classes SS^^, <SS*^, SK!\j and SC^jj^ 
using the results proved in this section. Note that parts (i) and {ii) of the following 
theorem have been independently proved in [131 Section 7]. 

Theorem 2.16. Let f = h + g E S% where h and g are given by (11. ip . 

(i) (Coefficient estimates) If f E SS^fj,SS*^ orSC^j^, then the sharp inequality ||a„| — 
\bn\\ < n holds for n = 2,3, . . .. Equality occurs for the analytic Keebe function 
k{z) = z/{l — zY . In case, f E SK!\j then | |an| — |6„| | < 1 for n = 2,3, . . ., with 
the equality occurring for the analytic half-plane mapping l{z) = z/{l — z). 
(ii) (Growth estimates and covering theorem) If f E SS%,SS*^ orSC%, then we have 

< 1/(^)1 < T-^^, ZEB. 

(1 - \z\y 

In particular, the range /(lU) contains the disk \w\ < 1/4. These results are sharp 
for the analytic Koebe function k. If f E SKP^, then 





\z 




(1 + 1 


z\f 





\z\ 




1 + 


\z\ 





\z\ 




1 - 




\z\ 



<\f{z)\<^^,, ZEJ^, 
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and therefore the range /(nJ) contains the disk \w\ < 1/2. The analytic half plane 
mapping I shows that these results are best possible. 

(Hi) (Compactness) The classes SS^jj, SS*^ , SK!\j and SC^^ are compact with respect 
to the topology of locally uniform convergence. 

{iv) (Radii of starlikeness, convexity and close-to-convexity) Let rs{Q%), rdGn) and 
i^cc{Qh) denote the radius of starlikeness, convexity and close-to-convexity respec- 
tively of a subclass Q% C S%. Then 

Ts{SS*^) = rs{SlC%) = rciSJC^n) = rcc{SS*,^) = rcc{SlC%) = rcc{SC%) = 1; 

rciSS'j,) = rciSS*^) = rdSC^) = 2 - V3; 

rsiSS^H) = tanh(7r/4), and rs(5C^) = 4^2 - 5. 

Forrcc{SS^H)> refer to [H]. 
(f) (Convolution properties) 

(a) Iffe SJC^H, then f*fe S1C%. 

(6) If^elCandfe SS*^ (resp. f G SIC^ and f e SC^), then fi<^ G SS*^ 
(resp. f*(p G SICff and f*(p G SC^-^). 

Proof. Making use of the well-known coefficient estimates and distortion theorems for 
functions in the class S (see [I2]), parts [i) and {ii) follow by applying Theorems 12.51 and 
12.61 respectively. Theorem 12.71 gives {iii), while {iv) follows by using [121 Chapter 13] and 
Theorem 12.81 Since K* S* C S*, /C*/Cc/C and /C * C C C, the convolution properties 
are easy to deduce from Theorems I2.9( i) and 12.11] □ 

We close this section with the following remark. 

Remark 2.17. It is clear that the classes 55^, SS^ and are not closed under convo- 
lution. However, since /C*/C c /C, /C>5/C^ and K, is non-convex, it is expected that SK.^^ 
is also not closed under convolution in view of Corollary 12.101 It will be an interesting 
open problem to determine whether iS/C^ is closed under convolution. 

3. Harmonic analogues of subclasses of S 

In this section, we will determine the harmonic analogues of certain subclasses of S. 
Apart from results of Section [21 we will make use of the following two lemmas which are 
the generalization of Theorems 12.91 and 12.111 Their proof being similar are omitted. 

Lemma 3.1. LetX and J be subfamilies of S such thatX*X C J . IfX'^ and denote 
the harmonic analogues of I and J respectively, then 

(a) IffeT^H, thenf*fej^; 

(b) If{f + g)/2eJforallf,geJ, then 1% * 1% djf, . 

Lemma 3.2. Suppose thatX and J be subfamilies of S. Let O d Abe such that f*g G J 
for all f dX and g E O. Then ip*f G Jj^ for all ip E O and f G X^, where X>X^ and 

Denote by TZ the class consisting of functions f E A which satisfy Re/' (2;) > for 
z G ©. By well-known Noshiro-Warschawski Theorem (see [T21 Chapter 7, p. 88]), 
IZ E S. In pj], MacGregor investigated the properties of functions in the class IZ. Also, 
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it is easy to see that 7?. is a compact family and is closed under convex combinations. 
However, the class TZ is not closed under convolutions. The analytic function 

oo 2 

(3.1) f{z) = -z-2 log(l - ^) = ^ + V 

^-^ n 

n=2 

belongs to TZ but f * f ^ TZ. The first theorem of this section determines the harmonic 
analogue of the class 71 and discusses its properties. 

Theorem 3.3. The class TZ^^j is the harmonic analogue oflZ where 

'R!\j = {f = h + g eU: Reh'{z) > \g'{z)\ for all z E D}. 

In particular, TZ'j^ C SC^. Moreover, we have 

(i) If f = h + g E TZ% where h and g are given by (11. ip . then ||a„| — < 2/n for 

n = 2, 3, . . .. Equality holds for the function f given by (13. ip . 
(u) Every function f G 7^^/ satisfies 

-\z\ +21og(l + 1^1) < 1/(^)1 < -\z\ -21og(l - 1^1), zeB 

and hence the range of each function f G 7^^ contains the disk \w\ < 2 log 2 — 1. 
These results are sharp for the function f given by (13.11) . 
(Hi) The class TZ^^j is compact with respect to the topology of locally uniform conver- 
gence. 

{iv) rc{TZ%) = V2-l and rcc(JZ%) = 1. 

(v) If if eK, and f G TZ^^j, then f*ip G TZ%. Also, if f e A with Reip{z)/z > 1/2 for 

z eB and f e TZ^, then f*<^ G IZ^. 
(vi) The class TZ^^ is closed under convex combinations of its members. 

Proof. Suppose that 7Z>Q'^. \i f = h + g E then the inequality Re{h'{z) +eg'{z)) > 
holds for each z G D and |e| = 1. With appropriate choice of e = €{z), it follows that 

Reh'{z) > \g'{z)\, z eB 

so that / G TZff. To prove the reverse inclusion, let f = h + g E TZ\. Then for |e| = 1 we 
have 

Re{h'{z) + eg'{z)) > Re h'{z) - \g'{z) | > 0, z eB 
which imply that h + eg E TZ and hence / G Q^. This shows that TZ > TZ^^. 

Since TZ C C, 7Z^^ C SC^^ by Theorem \2.2\ iv). In view of [151 Theorems 1 and 2, 
p. 533], the proof of parts (i), (ii) and [iv) follow by applying Theorems 12.51 12.61 and 
12.81 respectively. Theorems 12.71 and 12.121 verify the validity of [Hi) and {vi) respectively. 
Since /C * 7^ C 7^ (by |2i Corollary 3.10]), Theorem EH] shows that f*^ E n% if <^ E K 
and / G TZ^. Regarding the proof of the other part of (f), it suffices to show that if 
ip E A with Reip{z)/z > 1/2 and f E TZ, then f * ip E TZ. To see this, note that 
{f*ify{z) = f {z)*ip{z)/z for z G D. By [291 Lemma 4, p. 146], it follows that Re(/*y?)' > 
so that f * ip eTZ. This concludes the theorem. □ 

Note that Mocanu [17] independently proved that if / is a harmonic mapping in a convex 
domain Q such that Re fz{z) > 1/2(2;) | for z E Q, then / is univalent and sense-preserving 
in Q while Ponnusamy et al. [21j showed that members of 7^^ are close-to-convex in D. 

In [1], Chichra introduced the class W of analytic functions f E A which satisfy 
Re{f'{z) + zf"{z)) > for 2 G ©. He proved that the members of W are univalent 
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in © by showing that W C 71. Later R. Singh and S. Singh [28] proved that W C S*. 
The class W is compact and is closed under convex combination of its members. Similar 
to the proof of Theorem 13.31 it can be shown that the set 

W'^H = if = h + g eU: Re{h\z) + zh'\z)) > \g'{z) + zg"{z)\ for all z G ©}. 

is the harmonic analogue of W. By Theorem 12. 2( if). C TZ^j^nSS*^ . In particular, the 
members of are fully starlike in D by Corollary 12.41 To determine the coefficient and 
growth estimates for functions in the class W^, we need to prove the following lemma. 

Lemma 3.4. If f & W is given by (12. ip . then \an\ < 2/n^ for n = 2,3, . . . and 



-1 + ^log(l + \z\) < \f{z)\ < -1 - ^log(l - \z\), z G 



The function 



(3.2) f{z) = -z-2j^ _log(l-t)cit = ^ + ^_r' 

n=2 



1 ^2 



shows that all these results are sharp. 



Proof. Observe that / G W if and only if zf G TZ. The proof now follows by applying 
[151 Theorem 1, p. 533]. □ 

Theorem 3.5. Let f = h + g G W% where h and g are given by (II. ip . Then ||a„| — < 
2/n^ for n = 2,3, . . . and 

-\z\+2 I -\og{l + t)dt<\f{z)\<-\z\-2 I -\og{l-t)dt, z G ©. 
Jo ^ Jo 't 

In particular, the range /(D) contains the disk \w\ < 7r^/6 — 1. All these results are sharp 
for the function f given by (13.21) . Moreover, the following statements regarding the class 
Wfj hold. 

{i) The class Wfj is compact with respect to the topology of locally uniform conver- 
gence. 

(it) r5(W^) = l = rcc;(>V°). 
(Hi) The class is closed under convolutions, 
(iv) (a) If^elCandfe W^, then ^*f G W^; 

(b) If^eA with Re(p{z)/z > 1/2 and f e W^, then ^*f G W^; 

(c) If ^ eW and f e W^, then y^if G n 

(v) The class Wfj is closed under convex combinations. 

Proof. The growth and coefficient estimates for the class follow by Lemma 13.41 Since 
W is convex and closed under convolutions (see |29j), the class Wfj is closed under con- 
volutions by Corollary 12.101 This proves {Hi). Since >V^ C SS*^, (ii) is obviously 
true. To prove (iv), note that )C * W C W (by [2, Corollary 3.10]) and if ip E A with 
Reip{z)/z > 1/2 and / G W, then / * <^ G W (by [29l Theorem 3', p. 150]). These 
observations lead to (a) and (6) by applying Theorem I2.11[ Since W * W C W fl /C (by 
[29]), part (c) follows by Lemma 13.21 Theorems 12.71 and 12.121 verify the validity of the 
parts (z) and (v) respectively. □ 
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Remark 3.6. Since W * W C /C, the convolution of each member of with itself is 
convex in 3 by Lemma [3.1( a). However, since /C is non-convex, it is not known whether 
* C SIC^H in view of Lemma 0(6). 

Let U and V be subclasses of A consisting of functions / of the form (12. ip that satisfy 

oo oo 

^^n|a„| < 1 and ^^?T,^|a„| < 1 

n=2 n=2 

respectively. Clearly V G U. In [llj, Goodman proved that lA d S* and V C /C. It is 
easy to see that U dlZ and V C W. In fact, if / G W is given by (12.11) . then 



oo 



Ref'{z) = 1 + Re^na^z" > 1 - ^n|a„| > 0. 

n=2 n.=2 

Similarly, if / G V is given by (12.11) . then 

oo oo 

Re{f\z) + zf"{z)) = 1 + Re^v?anz^-^ > 1 - ^n>„| > 0. 

n=2 n=2 

The next theorem determines the harmonic analogue of the classes U and V. 
Theorem 3.7. The harmonic analogues of the classes U and V are given by 



= \ f{z) = z ^^anz"- ^^hnz^ G U : 5^n(|a„| + |6„|) < 1 

and 



n=2 n=2 n=2 



n=2 71=2 n=2 



respectively. 

Proof. Suppose that U > Q%. \i f = h + g E Q% where h and g are given by (II. ip . then 
h + eg for each |e| = 1 so that 



^n|a„ + ehn\ < 1. 



n=2 



On choosing e = e(n) wisely we deduce that / G W]^. Conversely if f = h + g E lA^ where 
h and g are given by (11.11) . then for |e| = 1 we have 

oo oo 

^n|a„ + thn\ < ^n(|a„| + |6„|) < 1 

n=2 n=2 

SO that h + eg G W and hence / G Thus U > U^. Similarly it can be shown that 
V > V^. □ 

In view of Theorem I2.2( if ). lA^ C SS*^ and C SKP^. In particular, the members 
of (resp. V^) are fully starlike (resp. fully convex) in D by Corollary 12. 4[ Also since 
W C 7e and V C W, therefore U% C n% (see also [2T]) and C W^. Using the resuhs 
of [26] and applying the theorems of Section [21 we have 

Corollary 3.8. Let f = h + g E iS^ where h and g are given by (II. ip . 
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(a) IffeW^H, then 

l^nl < 1/"'^, \bn\'£'^/n and ||an| ~ l^nll < l/""- for n = 2,3, ... . 

Equality occurs for the functions z + and z + z'^/2. If f & Vfj, then the sharp 
inequalities 

|cfn| < 1/''^^) l^nl < 1/''^^ ^'^'^ ||o„| — < 1/n^ forn = 2,3,... 

hold with the equality occurring for the functions z + z'^/4 and z + 

(b) IffeU%, then 

\z\-\\z\'' <\f{z)\ < \z\ + ^\z\^, zeB. 
In particular, the range /(D) contains the disc \w\ < 1/2. If f €i V^, then 

\z\-^\z\'<\fiz)\ < kl + i^p, zeB, 

and therefore /(HJ) contains the disk \w\ < 3/4. 

(c) The classes and are compact with respect to the topology of locally uniform 
convergence. 

{d) rsiWu) = rcM) = rs{Vl) = = rcM) = 1 and rM) = 1/2. 

(e) The classes and V% are closed under convex combinations. 

Avci and Zlotkiewicz [3] independently investigated certain properties of the classes 
and (see also [27]). The next theorem investigates the convolution properties of the 
classes and V^. 

Theorem 3.9. The classes andV^ are closed under convolutions. Moreover, we have 
(z) 1('h*KcS)C'h; 

(a) If if eK, and f G W^, then ip*f e U%; 
{Hi) If ip eK and f e V^, then ip*f e Vfj. 

Proof. The main crux of the proof relies on the observation that if / G V is given by (12. ip . 
then X]^2 '^^I'^^^P — ^- Since U and V are convex sets therefore it suffices to show that 
the classes U and V are closed under convolution in view of Corollary 12. 1U[ Let f,FEV 
be given by (12. ip . Then 



n=2 ra=2 n=2 

using the fact that the geometric mean is less than or equal to the arithmetic mean. This 
shows that f * F E V. The same calculation shows that if /, F G U, then f * F E V C U. 

The proof of part (i) follows by Lemma I3.1( &) since U*UgV,V is a convex set and 
V C /C. Since the classes U and V are closed under convolution with convex functions, 
(a) and (Hi) follows immediately from Theorem 12.111 □ 

Let Sm. be the subclass of S consisting of functions / of the form (12. ip whose coefficients 
are all real. We close this section by determining its harmonic analogue. 

Theorem 3.10. is the harmonic analogue of itself. 
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Proof. Suppose that iSk > Gh- Then iSr C Q^. To prove the reverse inclusion, let / = 
h + g & where h and g are given by f ll.ip . Then h + eg & for each | e | = 1 which 
imply that all the coefficients a„ + e6„ are real for each |e| = 1. But this is possible only 
if Gn are real and 6„ = for n = 2, 3, . . .. Thus g = and / G S^- Hence 5k > S^. □ 

4. Harmonic Alexander operator and Radius problems 

In this section, we will introduce the notion of harmonic Alexander operator and discuss 
some of its properties. We will also determine the radius of convexity for certain families 
of harmonic functions. 

Definition 4.1. Define an integral operator A^ : "H — i- "H by 

A+[/] = A[/i]+Ag, f = h + -geH, 

where A is the Alexander operator defined by (11. 2p . We call A^ the positive harmonic 
Alexander operator. 




Figure 1. Graph of the function Ajj[K]. 

Since A is linear therefore so is the operator A^, that is, A^[/i + /2] = A^[/i] + A^[/2] 
for all /i, /2 eH. The ffist theorem shows that if a subfamily ^ C 5 is preserved under 
A, then its harmonic analogue Q% is preserved under A^. 

Theorem 4.2. Let I and J he subfamilies of S such that A[Z] C J. Then A^[J^] C 
where X > and J > . 

Proof. Let f = h + g e I'^. Since A+ [/] = A[h] + A]g\ and J > J^, it suffices to show 
that A[h] + eA[g] e J for each |e| = 1. But A[h] + eA[g] = A[h + eg] G A[X] C J since 
X>X°f. □ 

Note that 71% (f. S*^ and ^ K?^. Since A[7^] C W C 5* and A[W] C V C /C 
Theorem 14.21 gives the following two corollaries. 
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Corollary 4.3. A^[7^2^] C SS*^ and A+ [W^] C 

Corollary 4.4. T/ie classes TZ^, W^, and are preserved under A^. 

The Alexander operator A provides a one-to-one correspondence between the classes 
S* and /C: f E S* if and only if A[/] G /C. A similar result holds for the positive harmonic 
Alexander operator which provides a one-to-one correspondence between the classes SS'^ 
and 

Corollary 4.5. / G 55^° zf and only z/ A+[/] G SJC'jj. 

However, the inclusion A^[iS|^] C /C^ is not valid in general. To see this, note that the 
harmonic Koebe function K given by fl2.2p belongs to S'^ and 



z{5 - 3z) 

a - zY 



log(l - z) 



1 

+ 6 



z(3z- 1) 
il-zV 



log(l 



The graph of the function A^[fr] (see Figured]) shows that the image domain is not even 
starlike. In particular, A^[iS|}'] ^ S*^ . Similarly, it can be shown that A^[/C^] ^ KP^ by 
considering the harmonic half-plane mapping L given by fl2.3p . Note that 



A+[L](z) 



- log(l -z) + 



1 - z 



+ 



- log(l - z) 



1 - z 



— log |1 — 2;| + i\m. 



I- z 



Clearly Figure [2] depicts that the image domain A^[L](D) is not convex. The failure of 
the implication A^[iS|^] C motivates to introduce the following definition. 




Figure 2. Graph of the function A^[L]. 
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Definition 4.6. Define another integral operator A^:^ : H — ?■ H by 

A-M = A[h]-7v[g], f = h + gen, 
where A is given by (11. 2p . We call Ajj the negative harmonic Alexander operator. 

By P, Lemma, p. 108] it follows that Aj^[5|f'] C IC%. In particular, the classes and 
/Cj^ are preserved under the operator A^^. It's worth to remark that Theorems 14.21 and 
its corollaries continue to hold for the negative harmonic Alexander operator Ajj. 

For G & A, consider the family 



h'(z) 

h + gen-.Re — ^ > 
G'iz) 



G'(z) 



for all z E 



If G{z) = z, then 71^^{G) reduces to 71%. In [22j, it has been proved that if G G /C, then 
1Z%{G) C SC% (see also [HI HE]). The next theorem determines the radius of convexity 
of the class TZ%{G) for specific choices of the function G. 

Theorem 4.7. Let rc denotes the radius of convexity of the class TZ%{G) for G E A. 
(z) IfGeS, then rc = 3 - 2^2; 

(ii) IfGe S*, then = 3 - 2^2; 

(Hi) IfGeJC, then rc = 2 - ^3; 

(iv) IfGen, then = - 2; 

{v) IfGeA with ReG'{z) > 1/2, then = 3 - 2^2. 
Moreover, all these results are sharp. 

Proof. Let f = h + g ^ 1Z%{G). Setting = h + eg ioi \e\ = 1 note that 
K{^) fh'{z) ^J{z) \^^^ h'iz) g'iz) 



Re 



G'iz) 



Re 



G'iz) 



'G'iz) 



> Re 



G'iz) 



G'iz) 



> 0, zeB. 



If G G iS, then is convex in < 3 — 2\/2 by [23l Theorem 1, p. 32] for each |e| = 1. 

The proof of the other 

□ 



By Lemma |2.H / is convex in \z\ < 3 — 2\/2. This proves [i) 
parts is similar. 

For G eA, let T^iG) be the subclass of TZ^iG) defined by the set 



J''HiG) = {f = h + gen: 



h'iz) 



G'iz) 



1 



< 1 



g'iz) 



G'iz) 



for all z G 



If Giz) = z, then 7"° (G) reduces to J^^. Also, J^^iG) C SC% if G G /C. The next 
theorem is similar to that of Theorem 14. 7[ 

Theorem 4.8. Suppose that rc denotes the radius of convexity of the class J-'^(G) for 
GeA. 

(a) IfGeS, thenrc = 1/5; 

ib) IfGe S*, then rc = 1/5; 

(c) IfGeK, then rc = 1/3; 

id) IfGen, then rc = iVT7 - 3) /4; 

(e) If G e A with ReG'(2;) > 1/2, then rc is the smallest positive root of the equation 
r^ + 2r3 + 13r2 + 4r-4 = 0. 
Moreover, all these results are sharp. 
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Proof, li f = h + g ^ J-^{G), then it is easy to see that the analytic functions = h + eg 



1) satisfy 



Fliz) 



G'(z) 



1 



< 1, z e 



The proof of the theorem now follows by using the results of [24] and applying Lemma 

o □ 
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